Abstract. We study nearly regular-Lindelöf, almost regular-Lindelöf and weakly regularLindelöf spaces. Characterizations and some properties for these spaces are proposed. Relations among them are also studied. In this paper, a space X means a topological space (X, τ) on which no separation axioms are assumed unless explicitly stated otherwise. The interior and the closure of any subset A of X will be denoted by Int(A) and Cl(A), respectively. By regularly open cover of X we mean a cover of X by regularly open sets in (X, τ).
Introduction. In 1959 Frolik
introduced weakly Lindelöf space that afterward was studied by several authors. In 1982 Balasubramanian [1] introduced and studied nearly Lindelöf spaces. In 1984 Willard and Dissanayake [8] introduced and studied almost Lindelöf spaces and in 1996 Cammaroto and Santoro [3] introduced nearly regular-Lindelöf, almost regular-Lindelöf and weakly regular-Lindelöf spaces on using regular covers.
In this paper, a space X means a topological space (X, τ) on which no separation axioms are assumed unless explicitly stated otherwise. The interior and the closure of any subset A of X will be denoted by Int(A) and Cl(A), respectively. By regularly open cover of X we mean a cover of X by regularly open sets in (X, τ).
Recall that a subset A ⊆ X is called regularly open (regularly closed) if A = Int(Cl(A)) (A = Cl(Int(A))). The generated space by the regularly open subsets of (X, τ) is denoted by (X, τ * ) and is called the semiregularization of X. If τ = τ * then X is said to be semiregular. A space X is almost regular if and only if for any regularly closed set C and any singleton {x} disjoint from C there exist two disjoint open sets U and V such that C ⊆ U and x ∈ V . Note that a space X is regular if and only if it is semiregular and almost regular (see [5] [1, 4, 8] ). A topological space X is said to be nearly Lindelöf, almost Lindelöf, and weakly Lindelöf if, for every open cover {U α : α ∈ ∆} of X, there exists a countable subset {α n : n ∈ N} ⊆ ∆ such that
respectively.
Note that a nearly Lindelöf space is almost Lindelöf and an almost Lindelöf space is weakly Lindelöf, but none of the two converses is true. Also it is clear that separable spaces are weakly Lindelöf. Moreover, a semiregular and nearly Lindelöf space is Lindelöf [3] . Definition 1.2 (see [2] ). An open cover {U α : α ∈ ∆} of a topological space X is called regular cover if, for every α ∈ ∆, there exists a nonempty regularly closed subset C α of X such that C α ⊆ U α and X = α∈∆ Int(C α ).
Almost regular-Lindelöf spaces
Definition 2.1 (see [3] ). A topological space X is called almost regular-Lindelöf if every regular cover {U α : α ∈ ∆} of X admits a countable subfamily {U αn : n ∈ N} such that X = n∈N Cl(U αn ).
Obviously, every almost Lindelöf space is almost regular-Lindelöf, but the converse is not true, in general (see [3, Proposition 2.4 (see [3] ). An almost regular and almost regular-Lindelöf space X is nearly Lindelöf.
Corollary 2.5. A regular and almost regular-Lindelöf space X is Lindelöf.

Proposition 2.6. Let (X, τ) be an extremally disconnected and almost regularLindelöf space then it is nearly Lindelöf.
Proof. Let {U α : α ∈ ∆} be an open cover of X. Since (X, τ) is extremally disconnected, {Cl(U α ) : α ∈ ∆} is a regular cover of the almost regular-Lindelöf space X. So there exists a countable subset {α n : n ∈ N} ⊆ ∆ such that X = n∈N Cl(U αn ) = n∈N Int(Cl(U αn )). This implies that X is nearly Lindelöf and completes the proof.
Nearly regular-Lindelöf spaces
Definition 3.1 (see [3] ). A topological space X is called nearly regular-Lindelöf if every regular cover {U α : α ∈ ∆} of X admits a countable subfamily {U αn : n ∈ N} such that X = n∈N Int(Cl(U αn )). Proof. Let {U α : α ∈ ∆} be a regular cover of X. By Remark 2.2, there exists a family of regularly closed sets {C α : α ∈ ∆} such that {Int (C α (Cl(U αn ) ). This implies that X is nearly regular-Lindelöf and completes the proof.
It is clear that every nearly
Moreover, it is clear that every nearly regular-Lindelöf space is almost regularLindelöf. Weakly Lindelöf spaces need not be nearly regular-Lindelöf as Example 4.5 shows. Now using Proposition 2.4, it is easy to prove the following proposition.
Proposition 3.3. An almost regular and nearly regular-Lindelöf space X is nearly Lindelöf.
The following proposition gives a characterization of nearly regular-Lindelöf spaces. 
Weakly regular Lindelöf spaces
Definition 4.1 (see [3] ). A topological space X is said to be weakly regular-Lindelöf if every regular cover {U α : α ∈ ∆} of X admits a countable subset {α n : n ∈ N} ⊆ ∆ such that X = Cl( n∈N U αn ).
It is obvious that every weakly Lindelöf space is weakly regular-Lindelöf but for the converse we introduce the following question. Is it true that every weakly regularLindelöf space is weakly Lindelöf? We can answer this question with some restrictions on the space as the following proposition shows.
Proposition 4.2. A regular and weakly regular-Lindelöf space X is weakly Lindelöf.
Proof. Let {U α : α ∈ ∆} be a regularly open cover of X. For each x ∈ X there exists α x ∈ ∆ such that x ∈ U αx . Since X is almost regular, then by Remark 2.3, there exists a family {W αx : x ∈ X} of regularly open sets in X that forms a regular cover of the weakly regular-Lindelöf space X. So there exists a countable set of points that (X, τ) is Lindelöf. The converse is obvious.
The conditions that (X, τ) is regular and nearly paracompact in Proposition 4.4 are necessary. For nearly paracompactness condition, the space E × E of Example 4.5 is regular and weakly regular-Lindelöf but it is not Lindelöf nor nearly paracompact, it is not even almost regular-Lindelöf. For the necessity of the regular condition consider the half-disc topology (see [7, Example 78] ). It is known that topology is separable so weakly Lindelöf hence weakly regular-Lindelöf. Also it is neither Lindelöf nor regular. Since the semiregularization of this space is the open upper half-plane with the Euclidean topology which is paracompact, then we conclude that the half-disc topology is nearly paracompact.
It is clear that every almost regular-Lindelöf space is weakly regular-Lindelöf but the converse is not true in general, as the following example shows.
Example 4.5. Let E be the Sorgenfrey line and let E × E be its product with itself which is called the Sorgenfrey plane. It is known that E is regular and separable, so E × E is regular and separable, then it is weakly Lindelöf so weakly regular-Lindelöf. Also it is known that E ×E is regular but not Lindelöf, so by Corollary 2.5, E ×E is not almost regular-Lindelöf, thus it is not nearly regular-Lindelöf.
The following proposition gives a characterization of weakly regular-Lindelöf spaces and its proof is similar to the proof of an analogous result for almost regular-Lindelöf spaces given by Cammaroto and Santoro (see [3, Theorem 4 .10]). 
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